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Abstract
The explicit form of conformal generators is found which
provides the extension of Poincare symmetry for massless
particles of arbitrary helicity. The helicity 12 particles are
considered as the particular example. The realization of
conformal symmetry in the semiclassical regime of Weyl
equation is obtained.
I Introduction
In recent years the dynamics of chiral fermions became a
field of intense research [1]-[20]. This topic is interesting
due to its applications, for example in exploring anomaly-
related phenomena in kinetic theory, but also because its
complete theoretical description requires to combine the
diverse ideas concerning topology, symmetries, anomalies,
Berry’s phases etc.
In the most important case of helicity ± 12 massless
fermions the starting point is the Weyl equation in elec-
tromagnetic field; the latter is typically viewed as classical
external one, at least in the context we are concerned here.
For many applications the electromagnetic field is assumed
to be weak and slowly varying which allows for the use
of semiclassical approximation. The semiclassical dynam-
ics can be derived either from path-integral representa-
tion of transition amplitudes [11] or using time-dependent
variational principle [20] popular among condensed mat-
ter physicists [21]-[23]. The result is summarized in semi-
classical action functional involving canonical variables de-
scribing chiral fermion (see eqs. (29), (30) below).
One of the important problems inherent in semiclassical
approach is that of Poincare covariance. Weyl equation en-
joys standard Poincare covariance. However, the semiclas-
sical action functional lacks manifest Lorentz covariance
(which becomes Lorentz symmetry in the absence of ex-
ternal fields), in spite of the fact that it is derived from ex-
plicitly covariant Weyl equation. The way to cure this sit-
uation was suggested in Ref. [11] where a modified trans-
formation rule under Lorentz boosts has been proposed. It
involvesO(ℏ) corrections which are helicity-dependent and
provide on-shell implementation of Poincare covariance on
semiclassical level. The resulting situation attracted much
attention [9]-[11], [16]-[18], [19], [20]. Duval, Horvathy
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et al. [16]-[18] derived the modified transformation rules
from Souriau model [24] of spinning particle using the pro-
cedure called spin enslaving. Similar results were obtained
by using coadjoint orbit method [19]. On the other hand,
the time-dependent variational principle provides partic-
ularly clear interpretation of canonical variables entering
semiclassical action which allows for derivation of the rel-
evant transformation rules from first principles [20].
It is well known (see, for example, Ref. [25]) that
the massless representations of Poincare group can be ex-
tended to those of the conformal one. On the helicity
± 12 level this is equivalent to the conformal covariance of
Weyl equation (which persists in the presence of external
electromagnetic field) [26].
The natural question arises if the conformal symmetry
survives the semiclassical approximation and what is the
actual form of relevant transformations.
The present paper is addressed to this problem. In Sec.
II we present a simple method of constructing classical
and quantum conformally invariant Hamiltonian dynamics
of massless particles. The particular example of helicity
− 12 fermion is discussed in Sec. III. The results obtained
are then used in Sec. IV to find semiclassical form of
conformal symmetry. Some conclusions are presented in
final Sec. V.
II Conformally invariant dynam-
ics
It is well known that the Hamiltonian systems admitting
transitive action of some symmetry group can be classi-
fied using coadjoint orbit method [24], [29]. The resulting
Hamiltonian dynamics may be then quantized leading in
many cases to consistent quantum theory. The procedure
outlined is quite effective. Given a symmetry group G it
yields, in principle, all ”elementary” systems, classical and
quantum, enjoying the symmetry described by G.
The key ingredient of the orbit method is the classifica-
tion of all coadjoint orbits. The generic ones are obtained
as invariant submanifolds in the space dual to relevant
Lie algebra, corresponding to the fixed values of Casimir
functions. However, as we shall see below, the nongeneric
orbits are also relevant from the physical point of view. Its
effective characterization is slightly more involved. They
are defined by the sets of equations invariant under coad-
joint action of the group. The infinitesimal coadjoint ac-
1
tion is defined in terms of the relevant Poisson brackets.
Therefore, the set of equations defining a given orbit must
be invariant under the operation of taking Poisson bracket
with any coordinate function on the dual space. In other
words, the corresponding set of functions generates the
ideal I in the algebra of functions on dual space obeying
{·, I} ⊂ I (1)
where the dot stands for any element of the algebra of
functions.
The importance of nongeneric orbits is clearly seen on
the example of Poincare group. The generic orbits are
here eightdimensional. However, the orbits corresponding
to massless particles are sixdimensional because there are
no spin degrees of freedom. Moreover, if the Casimir func-
tion related to the mass squared vanishes then the second
Casimir also vanishes; consequently, helicity is not char-
acterized by the values of Casimirs.
Sixdimensional orbits are nongeneric; we have
to impose four constraints in order to define
the corresponding submanifolds. To this end let
ζµ(ζµν = −ζνµ) be the coordinates in the space dual
to Poincare algebra, corresponding to the generators
Pµ(Mµν = −Mνµ). The relevant Poisson brackets read:
{ζµ, ζν} = 0
{ζµν , ζρ} = gνρζµ − gµρζν
{ζµν , ζρσ} = gµσζνρ + gνρζµσ − gµρζνσ − gνσζµρ (2)
The ideals defining the relevant orbits are generated by
J1 ≡ζ
2
0 − ζ
2
k (summation over k assumed)
J2(ij) ≡− J2(ji) ≡ ζij −
ζiζ0j
ζ0
+
ζjζ0i
ζ0
+ λǫijk
ζk
ζ0
(3)
It is easy to verify that J1, J2(ij), i, j = 1, 2, 3, gener-
ate the ideal obeying (1); J1 is simply the first Casimir
function while J2(ij) depend on one real parameter λ, the
classical helicity. One can choose ζ0i and ζi, i = 1, 2, 3, as
independent coordinates on the orbit; then
ζ0 = ±(ζkζk)
1
2
ζij =
ζiζ0j
ζ0
−
ζjζ0i
ζ0
− λǫijk
ζk
ζ0
(4)
and, as in the standard approach, one can show that the
choice of sign in the first eq. (4) corresponds to the choice
of connected component of the orbit.
Alternatively, one may use the almost Darboux coordi-
nates defined as
pi ≡ ζi
xi ≡
ζ0i
ζ0
(5)
Then eqs. (2) imply
{pi, pj} = 0
{xi, pj} = −δij (6)
In order to find the remain-
ing Poisson bracket we use again
eqs. (2) together with eqs. (4); the result reads
{xi, xj} = λǫijk
pk
|~p|3
(7)
The Lorentz generators Mµν(≡ ζµν), when expressed in
terms of new coordinates, read
Mij = pix
j − pjx
i − λǫijk
pk
|~p|
M0i = |~p|x
i (8)
One easily verifies that the Lorentz algebra is obeyed.
Let us now quantize the resulting Poisson algebra. To
this end we put
(pˆiφ)(p) = piφ(p) (9)
and the scalar product is defined simply as
(φ, ψ) =
∫
d3~pφ(p)ψ(p) (10)
Then
xˆi = i
∂
∂pi
+Ai(p) ≡ iDi (11)
where Ai(p) is a vector potential for monopole of charge
λ.
In order to find the Lorentz generators it is sufficient to
write out the properly ordered version of eqs. (8). It ap-
pears that no ordering is necessary for rotation generators
while the simplest ordering leading to hermitean expres-
sions works for boosts:
Mˆij = pi(iDj)− pj(iDi)− λǫijk
pk
|~p|
Mˆ0k = |~p|(iDk)−
ipk
2|~p|
(12)
Eqs. (12) agree with the standard expressions [27], [28].
We would like to extend our representation to that for
conformal algebra. The dual space is now fifteendimen-
sional so we need five additional generators to define the
relevant ideal. Let η be the coordinate corresponding to
dilatation generator D while ηµ represent the generators
Kµ of special conformal transformations. The Poisson
brackets (2) must be supplemented by
{η, ζµ} = ζµ
{η, ζµν} = 0
{η, ηµ} = −ηµ
{ζµν , ηρ} = gρνηµ − gρµην
{ηµ, ζν} = 2(ζµν − gµνη)
{ηµ, ην} = 0 (13)
It is not difficult to verify that the following expressions
generate, together with J1, J2(ij), the invariant ideal:
J3 ≡η +
ζkζ0k
ζ0
J4(0) ≡η0 +
ζ0kζ0k
ζ0
+
λ2
ζ0
J4(i) ≡ηi +
ζiζ0kζ0k
ζ 20
− 2
ζ0iζkζ0k
ζ 20
− 2λǫikl
ζ0kζl
ζ 20
− λ2
ζi
ζ 20
(14)
2
Correspondingly, the additional generators, expressed in
terms of pi, x
i, read:
D =− pkx
k
K0 =− |~p|x
kxk −
λ2
|~p|
Ki =− pix
kxk + 2pkx
kxi + 2λǫikl
xkpl
|~p|
+
λ2pi
|~p|2
(15)
By virtue of eqs. (6) and (7), the generators (8), (15) span
the Lie algebra of conformal group (with Lie bracket being
the Poisson bracket).
The next step is to find the quantum counterpart of
eqs. (15). To this end we replace xi and pi by the relevant
operators and look for the proper ordering on the right
hand sides of eqs. (15). This is slightly more troublesome
than in the case of Poincare generators (12); in particular,
the terms proportional to λ2 acquire quantum corrections.
We obtain
Dˆ =− pk(iDk) +
3i
2
Kˆ0 =− (iDk)|~p|(iDk) +
(
3
4
− λ2
)
1
|~p|
Kˆi =− (iDk)pi(iDk) + (iDk)pk(iDi) + (iDi)pk(iDk)+
+ 2λǫikl
pl
|~p|
(iDk) +
(
λ2 +
1
4
)
pi
|~p|2
(16)
The painstaking computations show that the generators
(8) and (16) obey the commutation rules of conformal al-
gebra. In particular, eqs. (16) show how one can accom-
modate the representation of conformal algebra in the rep-
resentation space of Poincare covariant massless helicity λ
particles.
Finally, let us note that the classical limit (15) is ob-
tained from (16) by restoring the explicit ℏ-dependence,
identifying iℏDk with xˆ
k and taking ℏ → 0, λ→ ∞, ℏx -
fixed (≡ λ).
III The |λ| = 12 case
Let us now consider the helicity |λ| = 12 fermions. They
play distinguished role both because of their physical rele-
vance and elegance of mathematical description. The (say)
left-handed fermions are described by the Weyl equation
σµ∂µψ = 0 (17)
with σµ = (1,−~σ), ~σ = (σ1, σ2, σ3) being Pauli matri-
ces. The single-particle theory is based on positive energy
solutions to eq. (17):
ψ(~x, t) =
1
(2π)3/2
∫
d3~pu+(p)c(p)e
i(~p·~x−|~p|t) (18)
with u+(p) being the positive energy spinor obeying
~p · ~σu+(p) = −|~p|u+(~p), u
+
+(p)u+(p) = 1; (19)
in particular, one can choose
u+(p) =
1√
2|~p|(|~p|+ p3)
(
p1 − ip2
−(|~p|+ p3)
)
(20)
Weyl equation (17) is purely kinematical in the sense
that it is equivalent to the statement that c(p) span mass-
less λ = − 12 unitary representation of Poincare group.
However, its advantage is that it admits straightforward
coupling to electromagnetic field in covariant and casual
way. On the other hand, for general helicity λ the rele-
vant wave equation (carrying the information about the
representation of Poincare group) is of order 2|λ| [30]
which makes the correct coupling to electromagnetism
more problematic.
It is well known that the Weyl equation (17) is invariant
under the space-time action of conformal group generated
by
Pµ =i∂µ
Mµν =i(xµ∂ν − xν∂µ) + Σµν ,
Σ0k =
iσk
2
, Σij =
1
2
ǫijkσk
D =− ixµ∂µ −
3i
2
Kµ =i(x
2∂µ − 2xµx
ν∂ν)− 3ixµ − 2x
νΣµν (21)
The action of the generators (21) on the wave function
(18) may be expressed as the action of generators (12) and
(16) on c(p), with λ = − 12 and
iDk = i
∂
∂pk
+ iu++(p)
∂u+(p)
∂pk
(22)
The Weyl equation (17) is derived from the action func-
tional
S = i
∫
d4xψ+σµ∂µψ (23)
By considering the general form of variation of S one finds
the conserved charge following from its invariance
Q = i
∫
d3~xψ+(δψ − δxk∂kψ + δx
0σk∂kψ) (24)
with δψ = δ0ψ + δx
µ∂µψ.
The off-shell form of (18) reads
ψ(x) =
1
(2π)3/2
∫
d3~pu+(p)c(~p, t)e
i~p·~x (25)
and the Weyl equation is equivalent to c˙(~p, t) =
−i|~p|c(~p, t).
Inserting δ0ψ ∼ Gψ with G = Pµ,Mµν , D,Kµ
(
cf. eqs.
(21)
)
into eq. (24) we find the conserved charges following
3
from conformal symmetry
Pk =
∫
d3~ppk|c(~p, t)|
2
P0 =
∫
d3~p|~p||c(~p, t)|2
Mij =
∫
d3~p c(~p, t)
(
pi(iDj)− pj(iDi) +
ǫijkpk
2|~p|
)
c(~p, t)
M0i =
∫
d3~p c(~p, t)
(
|~p|(iDi)−
ipi
2|~p|
)
c(~p, t)+
+ x0
∫
d3~ppi|c(~p, t)|
2
D =
∫
d3~p c(~p, t)
(
− pk(iDk) +
3i
2
)
c(~p, t)+
− x0
∫
d3~p|~p||c(~p, t)|2
K0 =
∫
d3~p c(~p, t)
(
− (iDk)|~p|(iDk) +
1
2|~p|
)
c(~p, t)+
+ 2x0
∫
d3~p c(~p, t)
(
− pk(iDk) +
3i
2
)
c(~p, t)+
− (x0)2
∫
d3~p|~p||c(~p, t)|2
Ki =
∫
d3~p c(~p, t)
(
− (iDk)pi(iDk)+
+ (iDk)pk(iDi) + (iDi)pk(iDk)+
− ǫikl
pl
|~p|
(iDk) +
pi
2|~p|
)
c(~p, t)+
+ 2x0
∫
d3~p c(~p, t)
(
|~p|(iDi)−
ipi
2|~p|
)
c(~p, t)+
+ (x0)2
∫
d3~ppi|c(~p, t)|
2 (26)
On-shell form of eqs. (26) reads
G =
∫
d3~p c(~p)Gˆc(~p) (27)
with Gˆ being one of the operators (12), (16) with λ = − 12 .
IV Semiclassical approximation
Assuming, in the spirit of semiclassical approach, that
|c(~p, t)| is strongly peaked at some ~pc(t) and putting
c(~p, t) = |c(~p, t)|e−iω(~p,t) (28)
one finds [11], [19]:
S =
∫
dt
∫
d3~xψ+(~x, t)
(
i
∂
∂t
− iσk
∂
∂xk
)
ψ(~x, t) ≡
≡
∫
dtL(t) (29)
L(t) ≡ ~pc ·~˙xc − |~pc| − ~α(~pc)·~˙pc (30)
with
~α(~p) ≡ −iu++(p)
~∇pu+(p) (31)
~xc ≡ iu
+
+(pc)~∇pcu+(pc) + ~∇pcω(~pc, t) (32)
The next step is to derive the semiclassical form of eqs.
(26). To this end we follow the method used in Ref. [19] to
obtain the semiclassical action (29)-(32). We omit here the
details; however, some points should be mentioned. We
are dealing with semiclassical approximation and not the
classical limit sketched in Sec. II. After restoring explicit ℏ
dependence we neglect all terms proportional to ℏ except
those hidden in the definitions of ~xc, eq. (32), or entering
the value of helicity. Taking this into account we arrive at
the following formulae
~P =~pc
P0 =|~pc|
Mij =pcix
j
c − pcjx
i
c + ǫijk
pck
2|~p|
M0i =|~pc|x
i
c + x
0pci
D =− pckx
k
c − x
0|~pc|
K0 =− |~pc|x
k
c x
k
c + 2x
0p kc x
k
c − (x
0)2|~pc|
Ki =− pcix
k
c x
k
c + 2x
i
c x
k
c pck − ǫikl
x kc pcl
|~pc|
+
+ 2x0|~pc|x
i
c + (x
0)2pci (33)
In order to find the symmetry transformations gener-
ated by the integrals (33) let us remind that given the
Hamiltonian form of the action
S =
∫ (
−Θα(ξ)dξα −H(ξ)dt
)
, (34)
the symplectic structure is defined by the matrix
ωαβ ≡ ∂βΘα − ∂αΘβ (35)
Our semiclassical S is defined by eqs. (29), (30). The
resulting Poisson brackets are given by eqs. (6) and (7)
with λ = − 12 ; this conclusion agrees with the form of
quantum momentum and position operators (cf. eqs. (9)
and (11)). Once the Poisson structure is determined it
is straightforward to find the symmetry transformations.
The action of Poincare algebra coincides with that found
in Refs. [11]-[20]. For dilatations we obtain
δ~xc = δρ
(
~xc −
x0~pc
|~pc|
)
δ~pc = −δρ · ~pc (36)
where δρ is an infinitesimal parameter.
Special conformal transformations look slightly more
complicated. They read
δ~x = −δc0
(
(~x2)~p
|~p|
+
~x× ~p
|~p|2
− 2x0~x+ (x0)2
~p
|~p|
)
δ~p = δc0(2|~p|~x− 2x0~p) (37)
for K0 and
δ~x =δ~c(~x2) + (δ~c · ~p)
(
~x×
~p
|~p|3
)
− (δ~c× ~p)
(~x · ~p)
|~p|3
+
− 2(δ~c · ~x) · ~x+
δ~c× ~x
|~p|
−
(
δ~c ·
(~x× ~p)
|~p|3
)
~p+
+ 2x0(δ~c · ~x)
~p
|~p|
+ 2x0
(δ~c× ~p)
|~p|2
− (x0)2
~p
|~p|
δ~p =− 2(δ~c · ~p)~x+ 2δ~c(~x · ~p) + 2(δ~c · ~x)~p+
+
δ~c× ~p
|~p|
− 2x0|~p|δ~c (38)
4
for ~K. In eqs. (37) and (38) we skipped for simplicity the
subscript ”c”; also all vectors have upper indices.
It is straightforward to check that eqs. (37), (38) pro-
vide on-shell symmetries of semiclassical action.
V Conclusions
We have considered here the case of free fermions. The
extension to the fermions interacting with external elec-
tromagnetic field is rather straightforward; however, it has
some interesting aspects related to gauge invariance and
will be considered in subsequent paper. It is also possible,
although rather troublesome, to derive the semiclassical
transformation rules directly from those of covariant wave
functions following the reasoning presented in Ref. [20].
In order to check the consistency of eqs. (36)-(38) it is
sufficient to verify that the semiclassical generators (33)
obey, up to higher orders in ℏ, the (Poisson) commutation
rules for conformal algebra. This is quite simple because
one can compare the generators (33) with the classical ex-
pressions (15) and note that any power of λ is accompanied
by the same power of ℏ.
As it has been already noticed the extension to the case
of higher helicity fermions in external field is problematic
because the relevant (free) wave equations are of order
2|λ|. One may attempt to rewrite them as a system of
first order ones but this calls for introducing auxiliary
variables which are subsequently eliminated by the
relevant constraints. The problem with such an approach
is that it is again not clear how the electromagnetic field
could be switched on without destroying these constraints.
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